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Basic problem setting

Given:
Output data: y(0), y(1), y(2), ... , y(k)

Input data (if applicable): u(0), u(1), u(2), ... , u(k − 1)

Problem: Identify (A,B,C,D) of discrete-time linear time-invariant (LTI) system

x(i + 1) = Ax(i) + Bu(i)

y(i) = Cx(i) + Du(i)

that “best” characterizes the dynamics.

System poles: E (A) := {λ ∈ C| det (λI − A) = 0}

Problem: Enforce a priori knowledge A of poles (grey-box modeling)

E (A) ⊆ A ⊂ C

Contribution summary: Accommodate more general A
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Ravi’s motivation for this paper from Isuru’s JC

Stability constraint: ρ (A) := maxλ {|λ| | λ ∈ E (A)} ≤ 1

Sufficient condition: Gershgorin Circle Theorem
Turksoy, Bayrak, Quinn, Littlejohn & Cinar
Guaranteed Stability of Recursive Multi-input-single-output Time Series Models
American Control Conference, 2013

TURKSOY et al.: MULTIVARIABLE ADAPTIVE IDENTIFICATION AND CONTROL FOR ARTIFICIAL PANCREAS SYSTEMS 887

(a) (b)

Fig. 2. Eigenvalues of state-space model for a part of data from Adolescent 1. (a—Constrained WRLS, b—Regular WRLS).

TABLE II
PERFORMANCE OF THE CLOSED-LOOP FOR ALL SUBJECTS

insulin doses in closed-loop studies. The stability of the mod-
els has to be guaranteed as a safety constraint in closed-loop
studies.

In (25), μ is the only parameter determined by the user for
calculating umax in (23). Larger values of μ provide smoother
insulin profiles, while smaller values suggest large doses of in-
sulin. This parameter changes for each subject. It can also be
adjusted for a subject if, for example, he/she starts exercising
or taking a drug that induces insulin resistance. We separated
the subjects into three subgroups based on their sensitivity to
insulin: Sensitive (S), Normal (N), and Resistant (R). Each sub-
ject is labeled in Table II. μ is set to 0.55 (S), 0.3 (N), and
0.1 (R) for adult and adolescent patients and 0.8 (S), 0.7 (N),
and 0.45 (R) for child patients. Lower values for μ for adoles-

Fig. 3. Average BGC and infused insulin for adolescent subjects.

cents should have given better results because of lower IS in
adolescents compared to adults. But simulation results showed
a reduction in performance when lower μ values were used.

The results for the thirty subjects are reported in Table II
as percent time BGC is less than 70 mg/dl, between 70 and
180 mg/dl (target range), between 180 and 250 mg/dl and above
250 mg/dl. Mean glucose values with standard deviations and
maximum–minimum glucose values for each case are also listed.
There was no hypoglycemia episodes in any cases. Overall, BGC
stayed between 70 and 180 mg/dl 85.5% of the time.

Fig. 3 shows the average BGC and infused insulin for ten
adolescents (means and standard deviations). The controller was
able to track changes in BGC and suggest insulin amounts. The
mean BGC was in the target range 81.2% of the time and was
very stable during the night.

Fig. 4 shows the results for ten adults. Better BGC regula-
tion was obtained compared to adolescents and children. Again,
BGC is steady during the night. Overall, higher amounts of in-
sulin are suggested by the controller. It is one of the strengths of
our system to adapt itself based on a subject’s BW and IS level.
During 91.3% of the simulation time BGC stayed within the
target range even though meals with high carbohydrate content
(see Table I) were provided.

Two child subjects (Child1 and Child4) were found to have
problematic glucose dynamics. For these two subjects, even a
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What is subspace ID anyhow?

This & next slide copied/paraphrased from [P. van Overschee & B. de Moor, 1996]

10 Chapter �
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System matrices

Kalman state
sequence

input-output
data uk�yk

Kalman states

System matrices

Least
squares

Orthogonal or
oblique projection

Classical
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Kalman
filter

Figure 1.5 System identification aims at constructing state space models from input-output
data. The left hand side shows the subspace identification approach : first the (Kalman filter)
states are estimated directly from input-output data, then the system matrices can be obtained.
The right hand side is the classical approach : first obtain the system matrices, then estimate
the states.

interpretation of subspace identification algorithms is that they conditionally lin-
earize the problem, which, when written in the “classical” form of prediction error
methods [Lju 87], is a highly nonlinear optimization problem. Yet another point
of view is that subspace identification algorithms do not identify input-output
models, but they identify input-state-output models.

The subspace system identification approach of this book makes full use of
the by now well developed body of concepts and algorithms from numerical
linear algebra. While classical methods are basically inspired by least squares,
our methods use “modern” algorithms such as the QR - decomposition, the singu-
lar value decomposition and its generalizations, and angles between subspaces.

Our approach provides a geometric framework, in which seemingly different mod-
els are treated in a unified manner. As will be illustrated at the end of Chapter 4,
the deterministic (Chapter 2), stochastic (Chapter 3) and combined deterministic-
stochastic (Chapter 4) system identification problem can all be treated with the

The name “subspace methods” reflects the fact that linear models can be obtained
from row and column spaces of certain matrices, calculated from input-output data.
Typically, the column space of such data matrices contains information about the
model, while the row spaces allow to obtain a (Kalman filter) state sequence, directly
from input-output data (i.e., without knowing the model a priori).
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Subspace ID advantages

Subspace ID naturally yields state space multi-input multi-output (MIMO)
models. For MIMO systems, the state space representation is the only model that
is convenient to work with for control synthesis.

All dynamics are collected in the state transition matrix A, i.e., the eigenvalues of
A describe all the dynamical modes that have been measured, whether they come
from the real system, from stochastic dynamic disturbances, from measurement
sensors, or the dynamics of the input actuators. Traditionally one carefully
distinguishes between, e.g., deterministic models (such as models for the “real”
system and sensor and actuator dynamics) and noise models for stochastic
disturbances (as is for instance the case in the Box-Jenkins approach). The point
is that more often than not, we do not care about the precise origin of the
dynamic modes, since, if they are important, they will certainly influence the
controller action, independent of their origin.

Subspace ID is conceptually straightforward and thus user-fiendly. There is no
explicit need for parametrizations. The user is not confronted with highly
technical and theoretical issues, and possible choices offered by the software.

paraphrased from [P. van Overschee & B. de Moor, 1996]
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Constraints: Possibilities and examples

Possible constraint set A
Any convex intersection of a finite number of

ellipsoids
parabolas
half-spaces

that are symmetric about the real axis.

Examples of A
Stability constraint: ρ (A) ≤ 1
Positive real parts (left below)
Zero imaginary parts (right below)

Real

Imaginary

Real

Imaginary
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Example: Positive real parts

Real

Imaginary

Real

Imaginary

Suppose we identify discrete-time LTI system

x(i + 1) = Ax(i) + Bu(i)

y(i) = Cx(i) + Du(i)

for the purpose of a final continuous-time LTI system

ẋ(t) = Āx(t) + B̄u(t)

y(t) = C̄x(t) + D̄u(t)

Discrete-time systems with negative real poles cannot be transformed into
continuous-time systems that generate real-valued signals without increasing the
model order (Kollár, Franklin & Pintelon, 1996)

For a pre-specified order, generally desirable to enforce Real (λ) > 0
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ẋ(t) = Āx(t) + B̄u(t)

y(t) = C̄x(t) + D̄u(t)

Discrete-time systems with negative real poles cannot be transformed into
continuous-time systems that generate real-valued signals without increasing the
model order (Kollár, Franklin & Pintelon, 1996)

For a pre-specified order, generally desirable to enforce Real (λ) > 0
Journal club (04/23/2014) Subspace ID with λ(A) constraints 8 / 18



Example: Zero imaginary parts

Real

Imaginary

Real

Imaginary

Im (λ) 6= 0 implies oscillations, can imply overshoots

System known to be critically/over-damped

Overshoots not physically meaningful, e.g., heat transfer

Time

Temperature

Heat source
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Example 1

System: 2nd order, SISO, E (A) = {0.6± 0.6i} (
√

2 · 0.62 = 0.848)

Noise: Added to input (determ. & non-determ. subsystems have same poles)

Constraint: ρ (A) ≤ 0.87

Data: 105 realizations, 500 samples each2472 D.N. Miller, R.A. de Callafon / Automatica 49 (2013) 2468–2473

Fig. 1. Poles of constrained estimates (left) and unconstrained estimates (right)
generated from 100,000 realizations of data. The shaded regions indicate the
concentration of the pole estimates, and ‘+’ marks the location of the system poles.
Only the top-half of the complex plane is shown.

Given an unconstrained estimate Â∗ found from (6) and an LMI
region described by parameters α and β ,

minimize JcX (Q , P)
subject to M(Q , P) ≥ 0,

P = PT > 0
(19)

in which
JcX (Q , P) =

Q − A∗P

F ,

M(Q , P) = α ⊗ P + β ⊗ Q + βT
⊗ Q T .

It is again wise to improve numerical conditioning by including
the constraint (17). Once Q is found, we then solve for Â by letting
Â = QP−1.

5. Examples

The following examples demonstrate the usefulness of the
proposed method. Unconstrained estimates were generated using
PI-MOESP as described in Verhaegen and Verdult (2007) with both
future and past horizons of 20. The constrained estimates were
generated with the same identification method modified to the
form of (19). YALMIP (Löfberg, 2004) was used to solve the convex
optimization problems with SeDuMi (Sturm, 2001) as the selected
solver.

5.1. Identification with stability constraint

We first consider a second-order, single-input, single-output
system with poles at 0.6± 0.6i and a steady-state gain of 1. White
noise of variance 1 is added to the input so that deterministic and
nondeterministic subsystems have the same poles.

Supposewe desire the poles of the system estimate to liewithin
the circle of radius 0.87 centered at the origin. The poles of the
system are then within the LMI region described by (12) with δs =

0.13. Results of both constrained and unconstrained identification
methods for 100,000 realizations of datasets with 500 samples
each are shown in Fig. 1. The poles of the constrained estimate
indeed lie within the described LMI region.

5.2. Identification with stable, positive, real constraint

As a second example, consider a third-order, single-input,
single-output system with strictly real poles at 0.6, 0.9, and 0.95
and a steady-state gain of 1. A noise signal is added to the output
that is generated by white-noise of variance 10 filtered through a
system with poles at 0.6 ± 0.15i and a steady-state gain of 1.

Supposewe desire the poles of the system estimate to liewithin
a region defined as the intersection of the following LMI regions:

Fig. 2. Histogram of real part of poles of constrained estimates (top) and
unconstrained (bottom) generated from 50,000 realizations of data. Dashed lines
indicate locations of deterministic system poles, and dash-dot lines indicate
location of nondeterministic poles.

Fig. 3. Poles of unconstrained estimates generated from 45,000 realizations of
data. The ‘+’ pair marks the location of the deterministic system poles, and the ‘×’
pair marks the location of the nondeterministic system poles. The shaded region
contains 99.7% (3σ ) of pole estimates. Regions of lower pole density were not
included because they drifted little from the real axis.

(i) the circle centered at the origin of radius 0.98, which is the LMI
region defined by (12) with δs = 0.01; (ii) the plane to the right of
the point 0.01 on the real axis, which is the LMI region defined by
(13)with δp = 0.01; and (iii) the band around the real axis ofwidth
2 × 10−5, which is the LMI region defined by (14) with δr = 10−5.
These LMI regions are combined using the identity (11).

The real parts of the poles of both constrained and uncon-
strained identification methods for 50,000 realizations of datasets
with 500 samples each are shown in Fig. 2. Pole locations for the
unconstrained estimates are shown in Fig. 3. Pole locations for the
constrained estimates are not shown because the imaginary part
for all was nearly 0. The poles of the constrained estimates again
lie within the given LMI region.

6. Conclusion

We have demonstrated how subspace identification methods
may be augmented with convex constraints in the form of
linear matrix inequalities to form convex optimization problems
that constrain the poles of system estimates to lie within
convex regions of the complex plane. Although the method was
developed for subspace methods that use an estimate of the
extended observability matrix, the modification is generalizable
to many other subspace methods. Two simulation examples were
presented that demonstrate the utility of constraining poles to lie
within such convex regions.

References

Alenany, A., Shang, H., Soliman, M., & Ziedan, I. (2011). Improved subspace
identification with prior information using constrained least squares. IET
Control Theory & Applications, 5(13), 1568–1576.
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Example 2

System: 3nd order, SISO, E (A) = {0.6, 0.9, 0.95}

Noise: Added to output, variance 10, filtered by SISO system with
E (A) = {0.6± 0.15i}

Constraint: 1) ρ (A) ≤ 0.98
2) Re (λ) ≥ 0.01
3) |Im (λ) | ≤ 2 · 10−5

Data: 50, 000 realizations, 500 samples each

2472 D.N. Miller, R.A. de Callafon / Automatica 49 (2013) 2468–2473
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concentration of the pole estimates, and ‘+’ marks the location of the system poles.
Only the top-half of the complex plane is shown.
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region described by parameters α and β ,

minimize JcX (Q , P)
subject to M(Q , P) ≥ 0,

P = PT > 0
(19)

in which
JcX (Q , P) =

Q − A∗P

F ,

M(Q , P) = α ⊗ P + β ⊗ Q + βT
⊗ Q T .

It is again wise to improve numerical conditioning by including
the constraint (17). Once Q is found, we then solve for Â by letting
Â = QP−1.

5. Examples

The following examples demonstrate the usefulness of the
proposed method. Unconstrained estimates were generated using
PI-MOESP as described in Verhaegen and Verdult (2007) with both
future and past horizons of 20. The constrained estimates were
generated with the same identification method modified to the
form of (19). YALMIP (Löfberg, 2004) was used to solve the convex
optimization problems with SeDuMi (Sturm, 2001) as the selected
solver.

5.1. Identification with stability constraint

We first consider a second-order, single-input, single-output
system with poles at 0.6± 0.6i and a steady-state gain of 1. White
noise of variance 1 is added to the input so that deterministic and
nondeterministic subsystems have the same poles.

Supposewe desire the poles of the system estimate to liewithin
the circle of radius 0.87 centered at the origin. The poles of the
system are then within the LMI region described by (12) with δs =

0.13. Results of both constrained and unconstrained identification
methods for 100,000 realizations of datasets with 500 samples
each are shown in Fig. 1. The poles of the constrained estimate
indeed lie within the described LMI region.

5.2. Identification with stable, positive, real constraint

As a second example, consider a third-order, single-input,
single-output system with strictly real poles at 0.6, 0.9, and 0.95
and a steady-state gain of 1. A noise signal is added to the output
that is generated by white-noise of variance 10 filtered through a
system with poles at 0.6 ± 0.15i and a steady-state gain of 1.

Supposewe desire the poles of the system estimate to liewithin
a region defined as the intersection of the following LMI regions:

Fig. 2. Histogram of real part of poles of constrained estimates (top) and
unconstrained (bottom) generated from 50,000 realizations of data. Dashed lines
indicate locations of deterministic system poles, and dash-dot lines indicate
location of nondeterministic poles.

Fig. 3. Poles of unconstrained estimates generated from 45,000 realizations of
data. The ‘+’ pair marks the location of the deterministic system poles, and the ‘×’
pair marks the location of the nondeterministic system poles. The shaded region
contains 99.7% (3σ ) of pole estimates. Regions of lower pole density were not
included because they drifted little from the real axis.

(i) the circle centered at the origin of radius 0.98, which is the LMI
region defined by (12) with δs = 0.01; (ii) the plane to the right of
the point 0.01 on the real axis, which is the LMI region defined by
(13)with δp = 0.01; and (iii) the band around the real axis ofwidth
2 × 10−5, which is the LMI region defined by (14) with δr = 10−5.
These LMI regions are combined using the identity (11).

The real parts of the poles of both constrained and uncon-
strained identification methods for 50,000 realizations of datasets
with 500 samples each are shown in Fig. 2. Pole locations for the
unconstrained estimates are shown in Fig. 3. Pole locations for the
constrained estimates are not shown because the imaginary part
for all was nearly 0. The poles of the constrained estimates again
lie within the given LMI region.

6. Conclusion

We have demonstrated how subspace identification methods
may be augmented with convex constraints in the form of
linear matrix inequalities to form convex optimization problems
that constrain the poles of system estimates to lie within
convex regions of the complex plane. Although the method was
developed for subspace methods that use an estimate of the
extended observability matrix, the modification is generalizable
to many other subspace methods. Two simulation examples were
presented that demonstrate the utility of constraining poles to lie
within such convex regions.
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Example 2 continued

Constraint: 1) ρ (A) ≤ 0.98
2) Re (λ) ≥ 0.01
3) |Im (λ) | ≤ 2 · 10−5

2472 D.N. Miller, R.A. de Callafon / Automatica 49 (2013) 2468–2473
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Only the top-half of the complex plane is shown.
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linear matrix inequalities to form convex optimization problems
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Method: Assumptions

Discrete-time LTI system:

x(i + 1) = Ax(i) + Bu(i) ∈ Rn

y(i) = Cx(i) + Du(i) ∈ Rny

Assume given:

a) Either, estimated extended observability matrix

O :=


C
CA

...
CAk−1

CAk

 ∈ R(k+1)ny×n

b) or, estimated sequence of states

X :=
[

x(0) x(1) · · · x(k − 1) x(k)
]
∈ Rn×(k+1)
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Method: Unconstrained optimization by extended observability

Extended observability matrix (again)

O :=
[

C> CA> · · ·
(
CAk−1

)> (
CAk

)> ]> ∈ R(k+1)ny×n

Using Matlab-style indexing

O0 := O(1:ny(k−1),:) , O1 := O(ny+1:nyk,:)

Shift invariance: O0A = O1

Estimates from data: Ô0, Ô1

Cost function based on Frobenius norm (‖ · ‖F): J (A) := ‖Ô0A− Ô1‖F

Unconstrained optimum (pseudo-inverse †): Â = Ô†0Ô1

Important points
– J(A) is convex in A
– This convexity is generally not exploited
– Here: Frobenius norm ‖ · ‖F amenable to semi-definite programming
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Method: Unconstrained optimization by state sequences

Sequence of states (again) and inputs

X :=
[

x(0) x(1) · · · x(k − 1) x(k)
]
∈ Rn×(k+1)

U :=
[

u(0) u(1) · · · u(k − 2) u(k − 1)
]

Using Matlab-style indexing (estimates from data: X̂0, X̂1)

X0 := X(:,1:k−1) , X1 := O(:,2:k)

Dynamics: X1 =
[

A B
] [ X0

U

]
Cost function: J (A,B) := ‖

[
A B

] [ X̂0
U

]
− X̂1‖F

Unconstrained optimum (pseudo-inverse †):
[

Â B̂
]

= X̂1

([
X̂0
U

])†
Important points
– J(A,B) is convex in A and B
– This convexity is generally not exploited
– Here: Frobenius norm ‖ · ‖F amenable to semi-definite programming

Journal club (04/23/2014) Subspace ID with λ(A) constraints 15 / 18



Method: LMI regions

Basic idea
LMI (linear matrix inequality) regions encode convex sub-sets of complex plane
LMIs can be enforced as constraints within semi-definite programs (SDPs)

Definition: LMI region D
D := { z ∈ C | fD ≥ 0 }
fD := α+ βz + β>z̄

α : Symmetric matrix, design parameter
β : Square, design parameter

Intersection of LMI regions

D1 ∩ D2 =

{
z ∈ C |

[
fD1 0
0 fD2

]
≥ 0
}
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Method: LMI constraints in SDP

Theorem [Chilali & Gahinet, 1996]
The eigenvalues of a matrix A lie within an LMI region defined by α and β if and only
if there exists a matrix P ∈ Rn×n such that

P = P> > 0
& α⊗ P + β ⊗ (AP) + β> ⊗ (AP)

> ≥ 0 .

Basic idea
Include LMI within SDP
Accommodate “existence of P” by optimization over AP

Paper contains tricks to recover A from AP

Details omitted...
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Conclusion

Paper introduced (to me) an important notion

Proposed approach (or related ones) appear useful

Paper is well written (except minor glitches in example 2)

Nice review of system ID, subspace ID, one-shot/recursive, etc., methods

For details need to understand
– LMI theory
– Implementation with semi-definite program (SDP) solvers
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