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Basic problem setting

Given:
@ Output data: y(0), y(1), »(2), .., y(k)
@ Input data (if applicable): u(0), u(l), u(2), .., ulk—1)

Problem: Identify (A, B, C, D) of discrete-time linear time-invariant (LTT) system

x(i+1) = Ax(i) + Bu(i)
y(i) = Cx(i) + Du(i)

that “best” characterizes the dynamics.
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@ Output data: y(0), y(1), »(2), .., y(k)
@ Input data (if applicable): u(0), u(l), u(2), .., ulk—1)

Problem: Identify (A, B, C, D) of discrete-time linear time-invariant (LTT) system

x(i+1) = Ax(i) + Bu(i)
y(i) = Cx(i) + Du(i)

that “best” characterizes the dynamics.
System poles: E (A) := {\ € C|det (M —A) =0}

Problem: Enforce a priori knowledge A of poles (grey-box modeling)

EA)CAcCC
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Basic problem setting

Given:
@ Output data: y(0), y(1), »(2), .., y(k)
@ Input data (if applicable): u(0), u(l), u(2), .., ulk—1)

Problem: Identify (A, B, C, D) of discrete-time linear time-invariant (LTT) system

x(i+1) = Ax(i) + Bu(i)
y(i) = Cx(i) + Du(i)

that “best” characterizes the dynamics.
System poles: E (A) := {\ € C|det (M —A) =0}

Problem: Enforce a priori knowledge A of poles (grey-box modeling)
EA)CAcCC

Contribution summary: Accommodate more general A
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Ravi’s motivation for this paper from Isu

Stability constraint: p(A) := max) {|\| | A€E(A)} < 1
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Ravi’s motivation for this paper from Isuru’s JC
Stability constraint: p(A) := max) {|\| | A€E(A)} < 1

Sufficient condition: Gershgorin Circle Theorem
@ Turksoy, Bayrak, Quinn, Littlejohn & Cinar

@ Guaranteed Stability of Recursive Multi-input-single-output Time Series Models
@ American Control Conference, 2013

o

.21
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What is subspace ID anyhow?

This & next slide copied/paraphrased from [P. van Overschee & B. de Moor, 1996]

input-output

data uy, yy
Orthogonal or Classical
oblique projection identification
K@L?gn%gle System matrices
Least Kalman
squares filter
System matrices Kalman states
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What is subspace ID anyhow?

This & next slide copied/paraphrased from [P. van Overschee & B. de Moor, 1996]

input-output
data uy, yy
Orthogonal or Classical
oblique projection identification
K@L?gn%gle System matrices
Least Kalman
squares filter
System matrices Kalman states

The name “subspace methods” reflects the fact that linear models can be obtained
from row and column spaces of certain matrices, calculated from input-output data.
Typically, the column space of such data matrices contains information about the
model, while the row spaces allow to obtain a (Kalman filter) state sequence, directly
from input-output data (i.e., without knowing the model a priori).
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Subspace ID advantages

@ Subspace ID naturally yields state space multi-input multi-output (MIMO)
models. For MIMO systems, the state space representation is the only model that
is convenient to work with for control synthesis.

@ All dynamics are collected in the state transition matrix A, i.e., the eigenvalues of
A describe all the dynamical modes that have been measured, whether they come
from the real system, from stochastic dynamic disturbances, from measurement
sensors, or the dynamics of the input actuators. Traditionally one carefully
distinguishes between, e.g., deterministic models (such as models for the “real”
system and sensor and actuator dynamics) and noise models for stochastic
disturbances (as is for instance the case in the Box-Jenkins approach). The point
is that more often than not, we do not care about the precise origin of the
dynamic modes, since, if they are important, they will certainly influence the
controller action, independent of their origin.

@ Subspace ID is conceptually straightforward and thus user-fiendly. There is no
explicit need for parametrizations. The user is not confronted with highly
technical and theoretical issues, and possible choices offered by the software.

paraphrased from [P. van Overschee & B. de Moor, 1996]
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Constraints: Possibilities and examples

Possible constraint set A

Any convex intersection of a finite number of
@ ellipsoids
@ parabolas
@ half-spaces

that are symmetric about the real axis.

Examples of A

@ Stability constraint: p (A) < 1
@ Positive real parts (left below)

@ Zero imaginary parts (right below)

Imaginary T Imaginary

’ Real Real
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Example: Positive real parts
Imaginary T

‘f Real
@ Suppose we identify discrete-time LTI system
x(i+1) = Ax(i) + Bu(i)
y(i) = Cx(i) + Du(i)
for the purpose of a final continuous-time LTI system
i(t) = Ax(t) + Bu(r)
y(t) = Cx(¢) + Du(t)
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Example: Positive real parts
Imaginary T

‘ Real
@ Suppose we identify discrete-time LTI system
x(i+1) = Ax(i) + Bu(i)
y(i) = Cx(i) + Du(i)
for the purpose of a final continuous-time LTI system
i(t) = Ax(t) + Bu(r)
y(t) = Cx(¢) + Du(t)

@ Discrete-time systems with negative real poles cannot be transformed into
continuous-time systems that generate real-valued signals without increasing the
model order (Kollar, Franklin & Pintelon, 1996)
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Example: Positive real parts
Imaginary T

‘ Real
@ Suppose we identify discrete-time LTI system
x(i+1) = Ax(i) + Bu(i)
y(i) = Cx(i) + Du(i)
for the purpose of a final continuous-time LTI system
i(t) = Ax(t) + Bu(r)
y(t) = Cx(¢) + Du(t)

@ Discrete-time systems with negative real poles cannot be transformed into
continuous-time systems that generate real-valued signals without increasing the
model order (Kollar, Franklin & Pintelon, 1996)

@ For a pre-specified order, generally desirable to enforce Real (A) > 0
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Example: Zero imaginary parts

>
»
‘ Real

@ Im () # 0 implies oscillations, can imply overshoots

@ System known to be critically/over-damped
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Example: Zero imaginary parts

Imaginary T

>
»
‘ Real

@ Im () # 0 implies oscillations, can imply overshoots

@ System known to be critically/over-damped

@ Overshoots not physically meaningful, e.g., heat transfer
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Example 1

@ System: 2™ order, SISO, E(A) = {0.6 +0.6i} (V2-0.62 = 0.848)
@ Noise: Added toinput (determ. & non-determ. subsystems have same poles)
@ Constraint: p (A) < 0.87

@ Data: 10’ realizations, 500 samples each
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Fig. 1. Poles of constrained estimates (left) and unconstrained estimates (right)
generated from 100,000 realizations of data. The shaded regions indicate the
concentration of the pole estimates, and ‘+’ marks the location of the system poles.
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Example 2

@ System: 3™ order, SISO, E(A) = {0.6,0.9,0.95}

@ Noise: Added to output, variance 10, filtered by SISO system with
E(A) = {0.6 £ 0.15}

@ Constraint: 1) p(A) <0.98
2) Re()) > 0.01
3) [Im(\)|<2-1073

@ Data: 50,000 realizations, 500 samples each

ol | \
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Fig. 3. Poles of unconstrained estimates generated from 45,000 realizations of
data. The ‘4 pair marks the location of the deterministic system poles, and the ‘x’
pair marks the location of the nondeterministic system poles. The shaded region
contains 99.7% (3c0) of pole estimates. Regions of lower pole density were not
included because thev drifted little from the real axis.
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Example 2 continued

@ Constraint: 1) p(A) <0.98

2) Re()) > 0.01
3) [Im(\)] <2105

Count (x 10%)

-1 —-0.5 0 0.5 1
Re

Fig. 2. Histogram of real part of poles of constrained estimates (top) and
unconstrained (bottom) generated from 50,000 realizations of data. Dashed lines
indicate locations of deterministic system poles, and dash-dot lines indicate
location of nondeterministic poles.
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Method: Assumptions

@ Discrete-time LTI system:

x(i+1) = Ax(i)+Bu(i) € R"
y(i) = Cx(i)+Du(i) € R™

—~

@ Assume given:

a) Either, estimated extended observability matrix

C
CA
O = : c R(kJrl)n_vXn
C:Akfl
CA*
b) or, estimated sequence of states
X = [x0) x(1) - x(k—1) x(k) ] eR™&+D
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Method: Unconstrained optimization by extended observability

@ Extended observability matrix (again)

O = [ CcT cAT ... (CAk—l)T (CAk)T ]T GR(kJrl)Vlan
Using Matlab-style indexing
Op = O(l:ny(k—l),:) ; 0, = O(ny—i-l:nyk,:)

Shift invariance: OpA = O,

Estimates from data: @o, @1

Cost function based on Frobenius norm (|| - |[):  J (A) := ||OA — Oy ||r
Unconstrained optimum (pseudo-inverse 7): A= @g@l

Important points

—J(A) is convex in A

— This convexity is generally not exploited
—Here: Frobenius norm || - || amenable to semi-definite programming
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Method: Unconstrained optimization by state sequences

@ Sequence of states (again) and inputs

X = [x(0) x(1) x(k—1) x(k) ] e R
U = [ u(0) u(l) ulk—2) ulk—1) ]
Using Matlab-style indexing (estimates from data: X, X;)
Xo := X(:,l:k—l) ’ Xp = O(:,Z:k)

Dynamics: X :[A B ] {)l(}) }

Cost function: J(A,B):=|[A B ] [ Xo ] —Xi||r

o i
Unconstrained optimum (pseudo-inverse t): [ A B ] =X ([ Xo ])

Important points

—J(A,B) is convex in A and B

— This convexity is generally not exploited

—Here: Frobenius norm || - || amenable to semi-definite programming
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Method: LMI regions

Basic idea
@ LMI (linear matrix inequality) regions encode convex sub-sets of complex plane

@ LMIs can be enforced as constraints within semi-definite programs (SDPs)
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Method: LMI regions

Basic idea
@ LMI (linear matrix inequality) regions encode convex sub-sets of complex plane

@ LMIs can be enforced as constraints within semi-definite programs (SDPs)

Definition: LMI region D

D = { z€Clfp>0 }

fo = a+pz+8'z
« : Symmetric matrix, design parameter
B : Square, design parameter
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Method: LMI regions

Basic idea
@ LMI (linear matrix inequality) regions encode convex sub-sets of complex plane

@ LMIs can be enforced as constraints within semi-definite programs (SDPs)

Definition: LMI region D

D = {zeC|fp>0}

fo = a+pz+8'z
« : Symmetric matrix, design parameter
B : Square, design parameter
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Method: LMI constraints in SDP

Theorem [Chilali & Gahinet, 1996]

The eigenvalues of a matrix A lie within an LMI region defined by « and £ if and only
if there exists a matrix P € R"*" such that

P=P >
& a®P+A®(AP)+ 4T ®(AP)T >
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Method: LMI constraints in SDP

Theorem [Chilali & Gahinet, 1996]

The eigenvalues of a matrix A lie within an LMI region defined by « and £ if and only
if there exists a matrix P € R"*" such that

P =P

> 0
& a®P+B®(AP)+BT®(AP)T > 0

Basic idea
@ Include LMI within SDP

@ Accommodate “existence of P’ by optimization over AP

| \

@ Paper contains tricks to recover A from AP
@ Details omitted...
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Conclusion

@ Paper introduced (to me) an important notion

@ Proposed approach (or related ones) appear useful

@ Paper is well written (except minor glitches in example 2)

@ Nice review of system ID, subspace ID, one-shot/recursive, etc., methods

@ For details need to understand
— LMI theory
— Implementation with semi-definite program (SDP) solvers
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