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Introduction

I This paper proposes a general convex framework for the
identification of switched linear systems

I Formulate the problem as a least-square problem with a
sum-of-norms regularization

I Regularization constant, λ, regulates the trade off between the
fit and the number of submodels
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Introduction

Problem statement:

I Consider a following a switched linear model problem

y(t) = θTt ϕ(t) + e(t), if p(t) ∈ Hi ,

where y(t), p(t), and θi are the output, regime variable, and
switched model.

I Find the number of linear submodels d, the partitioning of the
regime variable space Ω = ∪di=1Hi , and the associated
parameter values θi
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Challenges in Identification

I Identification of a switched linear model is a complicated task
I Partitions and linear model have to be found simultaneously
I Underlying problem is often non-convex
I Approch that achieves a global optimum is computationally

challenging
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Problem Formulation

I Assume that y(t) ∈ R, ϕ(t) ∈ Rnϕ , p(t) ∈ Rnp is available,
and consider a model of the form: y(t) = θT (t)ϕ(t).

I Let h be a function that takes a set of vectors as argument
and returns the number of different elements in the set:

h(θ(1), θ(2), . . . , θ(N)) = # of different θ vectors.
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Problem Formulation

I Let the fit to data be measured by the least-square criterion.

minθ(t),t=1,...,N

∑N
t=1(y(t)− θTϕ(t))2

subject to: h(θ(1), θ(2), . . . , θ(N)) = d .

I This constraint can be added to the criterion with a Lagrange
multiplier λ > 0 or as a regularization term:

minθ(t),t=1,...,N

∑N
t=1(y(t)− θTϕ(t))2

+λh(θ(1), θ(2), . . . , θ(N)).
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Counting the Number of Different Vectors

I Function h is well defined, but hard to handle algorithmically

I As an approximation, a weighing or ”kernel” K can be used

I We hence have:
h(·) ≈

∑N
t=1

∑N
s=1 Kn(p(t), p(s))‖‖θ(s)− θ(t)‖‖0

where

Kn(p(t), p(s)) ,


1 if p(t) is one of the n closest

neighbors of p(s) among all
the observations,

0 otherwise.
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Convex Relaxation

I Replace the zero norm with the l1-norm to simplify the
problem, and this leads to the following the sum-of-norm
regularization from:

minθ(t),t=1,...,N

∑N
t=1(y(t)− θT (t)ϕ(t))2

+λ
∑N

t=1

∑N
s=1 Kn(p(t), p(s))‖θ(s)− θ(t)‖

I It is a convex optimization problem
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Regularization Parameter λ

I Only design parameter of the method is λ
I Large λ favors the small number of submodels at the expense

of less good fit
I Small λ favors the good fit at the expense of a large number of

submodels

minθ(t),t=1,...,N

∑N
t=1(y(t)− θT (t)ϕ(t))2

+λ
∑N

t=1

∑N
s=1 Kn(p(t), p(s))‖θ(s)− θ(t)‖
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Example 1: One Dimentional PWARX System

Consider the one-dimensional PWARX system.

y(t) =


u(t − 1) + 2 + e(t) −4 ≤ u(t − 1) ≤ −1
−u(t − 1) + e(t) −1 < u(t − 1) < 2

u(t − 1) + 2 + e(t) 2 ≤ u(t − 1) ≤ 4

Generate {u(t)}50t=1 by sampling a uniform distribution U(−4, 4),
and let e(t) N(0, 0.05).
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Example 3: Hammerstein System

Consider the system
y(t) = −a1y(t − 1)− a2y(t − 2) + b1v(t − 1) + e(t), where v is a
saturated version of u,

v(t) =


umax u(t) > umax

u(t) umin ≥ u(t) ≥ umax

umin u(t) < umin

With a1 = 0.5, a2 = 0.1, b1 = 1, umax = 1, and umin = −1, the
system was simulated with u being white Gaussian noise with a
variance of 4.
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Example 3: Hammerstein System

Since the saturation is a piecewise affine function, the whole system
between u and y will be piece wise affine. It can be shown as
y(t) =

[−a1 − a2 0 b1umax ]ϕ(t) + e(t) if [0 0 1 − umax ]ϕ(t) > 0,
[−a1 − a2 b1 0]ϕ(t) + e(t) if [0 0 1 − umax ]ϕ(t) < 0,
[−a1 − a2 0 b1umin]ϕ(t) + e(t) if [0 0 1 − umin]ϕ(t) < 0,

with ϕ(t) = [y(t − 1) y(t − 2) u(t − 1) 1]T .
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Example 3: Hammerstein System

If we let p(t) = ϕ(t), use the kernel Kn, n = 8, andλ = 0.008, we
get an estimate
y(t) =

[−0.45 − 0.05 0.02 2.08]ϕ(t) + e(t) if [0 0 1 − 2.24]ϕ(t) > 0,
[−0.50 − 0.10 0.92 0.06]ϕ(t) + e(t) if [0 0 1 − 2.24]ϕ(t) < 0,
[−0.49 − 0.10 0.00 − 1.04]ϕ(t) + e(t) if [0 0 1 − 1.56]ϕ(t) < 0,
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Example 4: Pick-and-place Machine

A pick-and-place machine has the two modes

I Free Mode: the machine is carrying an electronic component,
but is not in contact with the cirbuit board

I Impact Mode: the electronic component is in contact with the
circuit board
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Example 4: Pick-and-place Machine

Problem set-up

I 15 s recording of the input and the output

I first 8 s of data was used for estimation

I last 7 s was used for validation

A PWARX model y(t) = θTi ϕ(t) + e(t)if ϕ(t) ∈ Hi

ϕ(t) = [y(t − 1) y(t − 2) u(t − 1) u(t − 2)] with two submodels
was identified using the proposed scheme using λ = 1, the kernel,
and n=14.
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Conclusion

I Formulation takes the shape of a least-square problem with
sum-of-norms regularization

I Regularization constant λ is used to trade off the fit and the
number of submodels

I Numerical illustrations show that the proposed method
performs well in comparison to known identification methods.
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Critical Parameter Value λmax

I Let θls be the optimal constant parameter vector:
minθ

∑N
t=1(y(t)− ϕ(t)θ)2.

I We then find λmax as the solution to the optimization
problem minλ,z(s,t),s,t=1,...,N λ s.t.‖z(s, t)‖ ≤ λ, z(s, s, ) = 0,
z(s, t, ) = z(t, s),

2(y(t)− ϕT (t)θls)ϕT

=
∑t−1

r=1(K (p(t), p(r)K (p(r), p(t))z(t, r)

−
∑N

r=t+1(K (p(t), p(r)K (p(r), p(t))z(r , t)
s, t = 1, . . . ,N.

I Reasonable value for λ are on the order of 0.01λmax to λmax
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