(™ UCSANTA BARBARA
v engineering

f research and innovation.

Analysis of Negative Cyclic
Feedback Oscillators

— A Harmonic Balance Based Approach

Yongqgiang Wang

Institute for Collaborative Biotechnologies
University of California, Santa Barbara

Funding provided by the Army
Research Office via the ICB




(™ UCSANTA BARBARA
v engineering

The convergence of research and innovation.

Outline

* Harmonic Balance Technique

* Negative Cyclic Feedback Oscillators

* Results for Diffusive Coupling

* Results for Mean-field Coupling

e Conclusions



( ™\ UCSANTA BARBARA
» engineering

Rhythm Period Cardiac cells Circadian network
Neural rhythms 0.01t010s - g |

Cardiac rhythm 1s §

Calcium oscillations 1 s to several minutes %

Segmentation clock 30 min (zebrafish) Q

Mitotic cycle 1 minto 24 h i.».

Circadian rhythm 24 h §

Ovarian cycle 28 days (human) =

Coral spawning 1 year g

Mitotic Period Segmentation clock

wild-type segmentation clock

Delta-Notch clock period

coupling

o J

[ ] b

5 ] / ] oscillating f/——
] 1 cells

A ] ]

uncoupled segmentation clock

longer clock period

T Y T T T T @
0.00 0.05 0.10 0.15 020 0.25 030 0.35 @ @ /\/V\/
coupling oscillating f—/~'® @
cells

DOI: 10.1007/s004220050104 , _
doi:10.1016/j.cub.2010.06.034




(™ UCSANTA BARBARA
v engineering

gence of research and innovation

Harmonic Balance Technique

* Closed Loop System (One Nonlinear Term)

;LT " LG(MAFI

* Characterize the Nonlinearity in Frequency Domain

x(t) = Acos(wt) w(t) = a,, cos(nwt) + b, sin(nwt)
—| N }—> ;::0 iy
* Harmonic Balance (Low Pass Filter) |
X (iw) = —G(iw)W (iw) = —C(iw)N (4, w) X (iw) A

T3 /g{>

—» NA,w)G(iw) = -1 G(im)
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\Negative Cyclic Feedback Oscillator

Network
g my —“\ °* Enzyme synthesis
~ e ) (Goodwin, Nature 66)
R %. S e il * Neurospora circadian
42Ty clock (Wagner et al.,
/ B \\ PNAS 05; Ruoff et al.,
|/ T . XM ¥ \\| ; PNAS 05)
ST L e Mammalian circadian clock
N 7 (Gonze et al., Biophys J.
'__________ff:‘_‘?:__:ie_lll:f‘_’_"_"_'_____________: 05)
e Segmentation clock
{ d[X1]/dT = po/(1 + [Xar /Ko|?) — k1[X4] (Zeiser et al., J. Comput.
d[Xpn] /AT = prs [Xmr] = kn[Xm], 2<m <M Bjol. 07)
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Time Delays-Linear Chain Trick

* Distributed Time Delay System

d t p+1,p
- (x, 2) z:/ v(T)G(t —T1)dT  GP(u) = ¢ W -au

dt o p!

4

Ccil_f — f(xv Zl)
. d _
e Equivalent ODEs| ‘& = alzz—z1) ]
. ddif =  a(z3 — 29)
>_

d
% = a(sz — Zp)

LB = a(r— )
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* Model Transformation

¢ = V(L% m)/Ko t =<l

Unpg = 1/K0, Vi1 = Pj—le'/C

dﬂ?l/dt = f(ZEM) — b1$1 f(CE) — 1

.QCm:I/m[Xm] b; :/OZ'/C dxm/dt:ajm—l _bmﬂfm, m = 2,3,...,M

| %

* Network Dynamics (Diffusive Coupling)

(
dz1/dt =f(Tnes) — b2 5

dwm,i/dt —Lm—1,i — bmmm,ia 2<m< M: m 7é k

N
da:k,@-/dt —Lk—1,4 — bkmk,i - Z as,j (‘:Uk,i o xkaj)

\ =1
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e Matrix Form

( —
dX, /dt = (X)) — b1 X,

N

AXon/ At =X 1 — DXy 2<m< M, W £k

\ dX/dt =Xp_1 — b X — AX},

LT, 1 f(zar1) 2#1 aij  —a12 E —ai1N
Lm,2 - f(IBM,Q) —a21 Z a2 j e —a2 N
Xp=| "7 F(X)= A= S
| Tm,N _f(JTM,N)_ | —AanN,1 ce —UN,N—-1 Z#N aN,j |

A=PYP! T= diag(vy, vo,... vy) 0=v; < vy <

. < UN
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Oscillation Condition

* Y-oscillatory
Definition 1: A system & = F(x) with z(¢) € R™ is said
to be Y-oscillatory if each solution i1s bounded and there

exists a state variable z; such that lim x;(¢) < lim x;(¢)
t—+ oo t—+ o0

for almost all initial states x(0).
* Oscillatory Condition

M
o PB(1 = Bro) _ 1. B2 ] bn 1/(1+ah) = Ba,
m=1

Ko

M M
Ko = H pr b, 2 min w s.t. Z arctan(w/b,,) =
m=1

O<w<oo
: m=1 : :
* Biological Implication
= Hill Coefficient
= Chain Length (Positively Correlated To Average Delay)
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Proof Sketch

* Only has isolated equilibria X*
. {X(t) 2 XT(), XT@),..., X507t > o} is bounded

* J(X*) has at least one eigenvalue with positive part
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Synchronization Condition

e Definition

Definition 2: The oscillator network (4) is synchronized if
lim |zar,i(t) — xa,(t)| = 0 holds for any 1 < 14,57 < N.

t—+o0

* Synchronization Condition

M
Nzof(N—1) < \Jud+ (b +v2)* [[ Vi + 0,

m=1,m#k

arctan(uz /(br + v2)) + Z%:Lm;ék arctan g—i =T

* Biological Implication
= Hill Coefficient
= Chain Length (Average Delay)
= Coupling Strength

10
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Proof Sketch

* Synchronization Manifold

$M’1(t) — ZCM’Q(t) = ... = .’L‘M’N(t)

* Dynamics of Deviation Ym.i = Tm.; — Z?—]{Ixm’j
( N
dyy ;/dt =h; — by, f(xari) Z flzars)/
j=1
S AYmi/dt =Ym—1; — bYmi, 2<m <M, m+#k

dyp,i/dt =yr—1; — brYri — Z Wi (Yri — Y,j)
\ J=1

11
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* Linearization

4
le/dt :KYM — bIYi ym,l

< de/dt :Ym—l - mema 2 g m S Mg m ?é k ) Ym: bm2

\ dYy/dt =Yy — b Y, — AY,

| Ym.v |
S a; —an can ] e e
A —ag Zj#g as,j CH N N‘?l —z - o %
| —an; —AN,N-1 D _jn ONj_ B =
* Diagonalization
(s) = ! _ 1
Qis) = (s+ by +v1) H%:15m¢k(8 +b,) + X1 B Hn]\le(s + b,)

1
¢(s) = L i#
(5 + b+ 03) T s (5 + b) + X

_ _ _ _ _=N =\ P!
x1 =0 X2_X3_---—XN—WZ— (N?l)(erwp)?

12
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The Collective Period °

h(s)

T

e Harmonic Balance (Khalil, 02) —
= Fourier series representation »
z(l) = Acos(wt) w(t) = Z an cos(nwt) + by, sin(nwt)
f P n=o
= |gnore higher order dynamics
X (iw) = h(iw)W (1w) = h(iw) f(A, w)X (iw) = f(A,w)h(iw) =1

* Application

Yo H(s)= (sl +bl+ A)

+
0 () H(s) m=1,mk
" (sl 4 bl + A
r . J Hrﬂrf:Lm;ék(S + bm)
f

13
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+ Xm
H(s)

* Describing Function : +:*
T = o + B sin(wt + ¢;) AL —

f(xni) = i + niBi sin(wt + ;) /]

T 1
§i = 27305. / fle; + Bisin(t))dt 1M = e | f (o + Bisin(t)) sin(t)dt
* Harmonic Balance
_ H(0)D)d = T ] [ B |
(I H(O)H)a : Q9 . ﬁgejg‘bz 2= dlag{fla ..o :EN}a
a = . 3)8 — . ,
T-HGOMF=0 | ay | | gerer | T Gsm )

* Stablility of Osclillation
Go(s) = (I — H(s)=") " H(s),
Gi(s) 2 (I — H(s)II*) " H (s)

14
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Collective Period Estimation

* Theorem:
M

A .
Teollective = 2T/ p M= g min s.t. 1 arctan(w/by,) = m
m=

* Proof sketch:

(g1 = H(0))aT =0
= d=ol, f=pl E=¢ly, M=nly ={
L(; — H(jw))B1 =0
1 1 = M
. M T n=T[Gu+bm)=— [ V2 + b2
| =1 m=1

15
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Remarks

* OQOriginal dimensional parameter representation

M M
() = S — K
CU E arctan b E arctan T

m=1 m=1

M
Q

arctan — =

km

m=1
* Relationship with existing results based on phase
model

* Only for diffusive coupling

T

16
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Numerical Study

* Simulation setup:
= A network of nine oscillators

= Coupling strengths randomly chosen from a uniform

distribution on [0, 1]

1 2 3 4 5 6 1 8 9
1 03 | 0.5 0 0.6 | 0.2 0 0.7 | 0.8
2 0.3 07 | 02 | 01 | 08 | 03 | O.1 | 05
3 051 0.7 03] 06 | 02 ] 0.6 0 0.8
4 0 02 | 03 04 06 [ 02 | 09 [ 0.1
5 06 | 0.1 | 0.6 | 04 02 | OF | B3| OB
6 02 108 (02] 06 (0.2 0.1 | 09 | 03
7 0 03 | 06 | 0.2 | 0.7 | 0.l 04 1 0.5
8 0.7 | 0.1 0 09103109 ] 04 0.8
9 08 | G5 | 08 | 0.1 | 58 | 03 | 05 | 08

= o = 2.4583

17
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Numerical Study

* Test of the oscillation condition

p by ba b3 by bs bs b7 bs bo R Simulation results
31 05 0.6 0.7 0.8 0.9 0.8 0.7 0.6 0.5 | 1.5733 Oscillation

31 0.7 0.7 0.7 0.7 0.7 0.7 0.7 0.7 0.7 | 1.5571 Oscillation

31 08 0.8 0.8 0.8 0.8 0.8 0.8 0.8 0.8 | 1.3549 Oscillation
31088 | 088 | 088 [ 088 | 0.88 | 0.88 | 0.88 | 0.88 | 0.88 | 1.0707 Oscillation

31 09 0.9 0.9 0.9 0.9 0.9 0.9 0.9 0.9 | 0.9819 No oscillation
3 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 | 04721 No oscillation

18
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Numerical Study

* Comparison of synchronization condition

by = by = bg 0.50 0.55 0.60 0.65 0.70 0.75 | 0.80 | 0.85

The required v2 in [12] 178.13 82.78 | 4094 | 21.24 11.40 | 6.22 3.35 1.71

The required v2 in this paper | 127.98 | 5945 | 2936 | 15.19 | 8.11 | 437 | 2.30 | 1.09

* Test of the estimated collective period

by =by =...=bg 0.50 0.55 0.60 0.65 0.70 0.75 0.80 0.85
Actual value 40.9 36.2 32.3 29.0 26.2 23.9 22.03 20.4
Estimated value 36.0 32.7 30.0 27.7 25.7 24.0 22.5 21.1
Estimation error -11.9% | -9.67% | -7.12% | -5.86% | -1.91% | 0.42% | 0.89% | 3.4%

19
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Mean-field Coupling

* Mean-field Coupling
f d[Eljz/dt :f(CUM,Z) - blxl,i

AT /At =T — bpTmi, 2<m <M, m#k

N
[
dry,;/dt =x_1,; — by, + N Z Lk,

\ J=1

* Direct Coupling (Ermentrout 90)

* Synaptic Coupling (Kopell 88)

* Difficulty: Sync Manifold Structure Depends on
Coupling
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oupling v.s. Diffusive
. Coupling
Zfl?k,j Z Gi,j(fﬂk,i — ﬂfk,j)

J=1

Mechanism Chemical synapses/external Chemical/electrical
chemical diffusion diffusion

Effect Concentration Difference

Manifestation In-direct or direct Direct

In Sync Exist Disappear

Influence on freq.  Yes No

Examples Chemical synapses, Electrical synapses
metabolites or hormones, or (Gap junctions, ion
light flashes or action channel)

potentials
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Relation To Phase Model

* Phase Reduction

—wz—|—6ZHw ©i)

JF1
1 T
= f/o Qi(t)x;(t + p; — pi)dt

* Phase Response Curve
(Malkin’s Approach)

Q= —{DF(z(t)}" Q.
Q(0) x F(z(0)) =1

2
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* Formulation

dxy;/dt =f(zp:) — b1z,

N\

[
d:z:kai/dt =T—1,i — bpTri H N, Z Qi,jLk,j

\ " JEN;

e Phase model

Y; = w; + ¢ Z CLi,sz‘j(CPj — 907:)
JEN;

1T
H;; = T/U Qi(t)x;(t +@; — @;)dt

Localized Mean-field Coupling

ATy i/dt =Tpm—1; — bpZTmi, 2<m <M, m#k

a; - [O, 1]

23
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Oscillation Condition

B(1-B
ralBU=Bu) g (A) Do

Ko

M
1/(1+a}) =Bzy ko= + (b — Duax(A) [ V2 +02,
M

L4

2 min w s.t.  arctan(w/by — max(A)) + Z arctan(w/b,,) = m

O<w<oco
m=1m%#k
* Coupling Can Make Oscillation i
Easier R
B 1.02}

Black: Damped
Yellow: Arrhythmic
Orange: Circadian

R (Ability to Oscillate)

All cells

* Coupling Induced Oscillation 01 02 03

Coupling Strength

Death

0.4

24
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Synchronization Condition

N

N
z : ailvj —

Jj=1 J

Nzo/(N = 1) < /12 + (b — Duuax(A))2 [ Vi2+02,

m=1.m=#£k

Qiy,js V1< <N, 1< <N
1

M
p= min w s.t.  arctan(w/by — IAmax(A)) + Z arctan(w/b,,) = 7

O<w<oo
m=1m##k

60
50- |
401 "
< 30

20+

10

25
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Proof Sketch

* Synchronization Manifold
$M’1(t) — ZCM’Q(t) = ... = .’L‘M’N(t)

N
Zj:l Lm,j
N

. T A
* Dynamics of Deviation Ym; = Tm,i —

(

N
dyii/dt =h; — biyrs, Ry = f(wars) — Z f(xay)/N
=1

NG

dym,i/dt —Ym—1,4 — bmym,ia 2<m< M, m 7é k

dyk,z’/dt =Yr—1,i — kY, + Z @i,jYk,j
\ JEN;

26
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Frequency Regulation

Minimal Positive Solution to

arctan
b — [

m=1,m#k

w
o

N
o O

N NN
o 0~

Oscillation Period
o

N
B

&
o

0.2 0.4 0.6
Coupling Strength

M
+ Z arctan a

_:7T

b,

27
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Expre“iun level

* Segmentation Clock

,ﬁ

Connection to Data

%%?
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120min [mouse]

l“—\y secretase
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1400

_112
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Amplitude Regulation

QZM’,,;:OQ;—FﬁZ'SiIl(’wt—I—qbZ’), 1 = LQ,...,N

Oscillation Amplitude

20

— Analytical Prediction
o Numerical Results

0.2

04
Coupling Strength

0.6

0.8

Amplitude of X,

Coﬂpling strSF:ngth
35

—
= o N

Amplitude of X;
o

29
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Amplitude Regulation

* Goldbeter Model

dM Ky M 1

e~ "Ki+Pr K.+ M (1a)

ar, P, P,

S0k M-V +V, 16

dt s 1K1+P0 2K2+P1 ( )

ar, P, P, P, P,

it SRR /AN X R — v

&~ K Py K+ P, K.+ P, UK, 4P,
(le)

dP, P, P, P,

a = xar, Nk ap, Pt RPy v K.+ P,
(1d)

ap

= kP — Py (le)

L4 L x

Amplitude

©c o o o o o
N W o N

o
o

0.005 0.01 0.015 0.02

o

0

0.05 0.1 0.15
Coupling Strength

0.2
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Connection to Data

A neuropeptide speeds circadian entrainment by
reducing intercellular synchrony

Sungwon An®’, Rich Harang”", Kirsten Meeker®', Daniel Granados-Fuentes?, Connie A. Tsai?, Cristina Mazuski?,
Jihee Kim?, Francis J. Doyle III%, Linda R. Petzold®, and Erik D. Herzog®?

aDepartment of Biology, Washington University in St. Louis, Saint Louis, MO 63130; PDepartment of Computer Science, University of California, Santa Barbara,
CA 93106-3110; and “Department of Chemical Engineering, University of California, Santa Barbara CA 93106-5080

Edited by Joseph S. Takahashi, Howard Hughes Medical Institute, University of Texas Southwestern Medical Center, Dallas, TX, and approved September 26,
2013 (received for review April 15, 2013)

A

=y Q 15'

£ ) ' — Vehicle 3 o Vehicle

§ —1uM VIP = 1 * \VIP

% £ 1.0 3

z c

é 24 8) 1

8 @ 0.54

5 ¢

£ T

5 g

g 0- OO'm
; . 288 0.01 0.1 1 10 100

~ Time (h) VIP (UM)
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Connection to Data

* Population Amplitude
=N X Synclndex X Single Cell Amplitude

* Proof Sketch
x; = a + bsin(¢;)
=L@ = 1l (e +bsin(9) = Na+b 3L sin(4y)
reing = = SN sin(¢;)

v =300 @ = 3, (a + bsin(¢y)
= Na,—l—bZ?il sin(¢;) = Na + Nbrsin

32
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Connection to Data

* New Population Amplitude
= N X SynclIndex X New Single Cell Amplitude

150 nm 0.92 ->0.51 42% 95% 716% 0.82 0.65
10 um 0.74 ->0.37 19% 50% 38% 0.65 0.45
B Vehicle 150 nM VIP 10 uM VIP

” < 18: - 81 <

8 24'

; £2

2 z

00.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 40 00.0 0.5 1.0 1.5 20 25 3.0 35 4.0

Change in amplitude Change in amplitude

Change in amplitude

33
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Advantages Over Delayed Models

* Coupling Induced Frequency Change
= Phase model
= Diffusive coupling with delay

* Problem with Delayed Phase Model

= No direct biological mechanism
" |In weakly connected case, phase shift rather than a delay

34
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Advantages Over Delayed Models

Weekly Connected Oscillators

dx;
E:fi(xf)+8gi(xla "'9xn): xiERm
Continuous Local Mapping p:R"" X R—T"
do,
d[ :QI+8h£(919 « o 99}? ,8)
Identical Nominal Natural Frequencies ,=---=Q,=()
do, 0=(0 0)"
—_— — . _ . 2 ][> «--2Yp
- O+eh,(0—60;,)+0(e") = 0.=(6i— 0, .0 )7

Phase Deviation 6,(¢1)=Qt+ ¢,

d‘Pz‘
—-=ehi(¢= 0;)+O0(e?)

35
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Advantages Over Delayed Models

Slow Time 7=¢&l

@ _, +0
d’T_ i((P (Pi) (8)

First Order Harmonic

de; . _
dT :(Uj_l_JZl Sfj SlIl((pj—l— llbl]_cpl)

Model With Delays
dx;

l

7 =fi(x; () teg,(x(t—7n), ..., x,(t— 7))

Phase Model
do,
d@: :hi((P_ y— QD,,-)+O(8) = 770 mod 277

36
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Advantages Over Delayed Models

* Most Theories

dei(T) . |
9;77' :‘U:‘+JZI sij sinf @ (7— )+ i~ @,(7)]

e Phase Model

do;
d(':' =h(e—¢—¢;)+0(e) Y= n{) mod 27

* Explanation

T=gt =™ ele(i—n))=¢(t—en)=¢(7)+0(en)

37
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Conclusions

* Analytical oscillation condition of negative cyclic
oscillator networks under diffusive coupling

* Analytical synchronization condition of negative cyclic
oscillator networks under mean-field coupling

* Analysis of the collective period
* Analysis of the oscillation amplitude

38
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