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Negative Cyclic Feedback Oscillator Networks

Rhythm Period
N l h th 0 01 t 10

Cardiac cells Circadian network

Neural rhythms 0.01 to 10 s

Cardiac rhythm 1s

Calcium oscillations 1 s to several minutes

S t ti l k 30 i ( b fi h)Segmentation clock 30 min (zebrafish)

Mitotic cycle 1 min to 24 h

Circadian rhythm 24 h

Ovarian cycle 28 days (human)Ovarian cycle 28 days (human)

Coral spawning 1 year

Mitotic Period Segmentation clock
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Negative Cyclic Feedback Oscillator Networks

Harmonic Balance TechniqueHarmonic Balance TechniqueHarmonic Balance TechniqueHarmonic Balance Technique

• Closed Loop System (One Nonlinear Term)Closed Loop System (One Nonlinear Term)

• Characterize the Nonlinearity in Frequency Domain 

H i B l (L P Filt )• Harmonic Balance (Low Pass Filter)

1 3
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Negative Cyclic Feedback Oscillator Networks

Negative Cyclic Feedback Oscillator Negative Cyclic Feedback Oscillator g y
Network

g y
Network

• Enzyme synthesisEnzyme synthesis 
(Goodwin, Nature 66)

• Neurospora circadian 
clock (Wagner et al., 
PNAS 05; Ruoff et al., 
PNAS 05)PNAS 05)

• Mammalian circadian clock 
(Gonze et al., Biophys J. 
05)05)

• Segmentation clock 
(Zeiser et al., J. Comput.(Zeiser et al., J. Comput. 
Biol. 07)
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Negative Cyclic Feedback Oscillator Networks

Time Delays Linear Chain TrickTime Delays Linear Chain TrickTime Delays-Linear Chain TrickTime Delays-Linear Chain Trick

• Distributed Time Delay SystemDistributed Time Delay System

• Equivalent ODEs
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Negative Cyclic Feedback Oscillator Networks

M d l T f ti• Model Transformation

• Network Dynamics (Diffusive Coupling)
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Negative Cyclic Feedback Oscillator Networks

M t i F• Matrix Form
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Negative Cyclic Feedback Oscillator Networks

Oscillation ConditionOscillation ConditionOscillation ConditionOscillation Condition

• Y-oscillatoryY oscillatory

• Oscillatory ConditionOscillatory Condition

• Biological Implication
 Hill Coefficient
 Chain Length (Positively Correlated To Average Delay)
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Negative Cyclic Feedback Oscillator Networks

Proof SketchProof SketchProof SketchProof Sketch

• Only has isolated equilibria X*Only has isolated equilibria X

•

• J(X*) has at least one eigenvalue with positive part
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Negative Cyclic Feedback Oscillator Networks

Synchronization ConditionSynchronization ConditionSynchronization ConditionSynchronization Condition

• DefinitionDefinition

• Synchronization Condition

• Biological Implication
 Hill Coefficient

Ch i L th (A D l ) Chain Length (Average Delay)
 Coupling Strength
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Negative Cyclic Feedback Oscillator Networks

Proof SketchProof SketchProof SketchProof Sketch

• Synchronization ManifoldSynchronization Manifold

• Dynamics of Deviation
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Negative Cyclic Feedback Oscillator Networks

• LinearizationLinearization

• Diagonalization 
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Negative Cyclic Feedback Oscillator Networks

The Collective PeriodThe Collective PeriodThe Collective PeriodThe Collective Period

• Harmonic Balance (Khalil 02)Harmonic Balance (Khalil, 02)
 Fourier series representation 

f

 Ignore higher order dynamics

f

• Application
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Negative Cyclic Feedback Oscillator Networks

• Describing Function

• Harmonic Balance

• Stability of  Oscillation
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Negative Cyclic Feedback Oscillator Networks

Collective Period EstimationCollective Period EstimationCollective Period EstimationCollective Period Estimation

• Theorem:Theorem:

• Proof sketch:





R h H i i i Routh-Hurwitz criterion
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Negative Cyclic Feedback Oscillator Networks

RemarksRemarksRemarksRemarks

• Original dimensional parameter representationOriginal dimensional parameter representation

• Relationship with existing results based on phase 
model

• Only for diffusive coupling
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Negative Cyclic Feedback Oscillator Networks

Numerical StudyNumerical StudyNumerical StudyNumerical Study

• Simulation setup:Simulation setup:
 A network of nine oscillators
 Coupling strengths randomly chosen from a uniform 

distribution on [0 1]distribution on [0, 1]


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Negative Cyclic Feedback Oscillator Networks

Numerical StudyNumerical StudyNumerical StudyNumerical Study

• Test of the oscillation conditionTest of the oscillation condition
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Negative Cyclic Feedback Oscillator Networks

Numerical StudyNumerical StudyNumerical StudyNumerical Study

• Comparison of synchronization conditionComparison of synchronization condition

• Test of the estimated collective period
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Negative Cyclic Feedback Oscillator Networks

Mean field CouplingMean field CouplingMean-field CouplingMean-field Coupling

• Mean-field CouplingMean field Coupling

• Direct Coupling (Ermentrout 90)
S ti C li (K ll 88)• Synaptic Coupling (Kopell 88)

• Difficulty: Sync Manifold Structure Depends on 
CouplingCoupling
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Negative Cyclic Feedback Oscillator Networks

Mean-field Coupling v.s. Diffusive Mean-field Coupling v.s. Diffusive p g
Coupling

p g
Coupling

Mean-field Diffusive
Mechanism Chemical synapses/external Chemical/electrical y p

chemical diffusion diffusion
Effect Concentration Difference
Manifestation In-direct or direct DirectManifestation In direct or direct Direct 
In Sync Exist Disappear
Influence on freq. Yes No
E l Ch i l El t i lExamples Chemical synapses, 

metabolites or hormones, or 
light flashes or action 
potentials 

Electrical synapses 
(Gap junctions, ion 
channel)

p
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Negative Cyclic Feedback Oscillator Networks

Relation To Phase ModelRelation To Phase ModelRelation To Phase ModelRelation To Phase Model

• Phase ReductionPhase Reduction

• Phase Response Curve 
(Malkin’s Approach)(Malkin s Approach) 
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Negative Cyclic Feedback Oscillator Networks

Localized Mean field CouplingLocalized Mean field CouplingLocalized Mean-field CouplingLocalized Mean-field Coupling

• FormulationFormulation

• Phase model
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Negative Cyclic Feedback Oscillator Networks

Oscillation ConditionOscillation ConditionOscillation ConditionOscillation Condition

• Coupling Can Make Oscillation 
Easier

Bl k D dBlack: Damped
Yellow: Arrhythmic
Orange: Circadian

• Coupling Induced Oscillation 
Death 24



Negative Cyclic Feedback Oscillator Networks

Synchronization ConditionSynchronization ConditionSynchronization ConditionSynchronization Condition

•
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Negative Cyclic Feedback Oscillator Networks

Proof SketchProof SketchProof SketchProof Sketch

• Synchronization ManifoldSynchronization Manifold

• Dynamics of Deviation
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Negative Cyclic Feedback Oscillator Networks

Frequency RegulationFrequency RegulationFrequency RegulationFrequency Regulation

• Minimal Positive Solution toMinimal Positive Solution to
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Negative Cyclic Feedback Oscillator Networks

Connection to DataConnection to DataConnection to DataConnection to Data

• Segmentation ClockSegmentation Clock
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Negative Cyclic Feedback Oscillator Networks

Amplitude RegulationAmplitude RegulationAmplitude RegulationAmplitude Regulation

•
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Negative Cyclic Feedback Oscillator Networks

Amplitude RegulationAmplitude RegulationAmplitude RegulationAmplitude Regulation

• Goldbeter ModelGoldbeter Model
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Negative Cyclic Feedback Oscillator Networks

Connection to DataConnection to DataConnection to DataConnection to Data
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Negative Cyclic Feedback Oscillator Networks

Connection to DataConnection to DataConnection to DataConnection to Data

• Population AmplitudePopulation Amplitude 
= N X    Sync Index   X  Single Cell Amplitude

• Proof Sketch
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Negative Cyclic Feedback Oscillator Networks

Connection to DataConnection to DataConnection to DataConnection to Data

• New Population AmplitudeNew Population Amplitude 
=  N X   Sync Index   X   New Single Cell Amplitude

VIP Sync Population Sync Induced Single Cell Mean ModeSy c
Index

opu at o
Amplitude

Sy c duced
Change

S g e Ce
Change

ea ode

150 nm 0.92 ->0.51 42% 55% 76% 0.82 0.65
10 um 0 74 ->0 37 19% 50% 38% 0 65 0 4510   um 0.74 >0.37 19% 50% 38% 0.65 0.45
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Negative Cyclic Feedback Oscillator Networks

Advantages Over Delayed ModelsAdvantages Over Delayed ModelsAdvantages Over Delayed ModelsAdvantages Over Delayed Models

• Coupling Induced Frequency ChangeCoupling Induced Frequency Change
 Phase model
 Diffusive coupling with delay

• Problem with Delayed Phase Model
 No direct biological mechanism
 In weakly connected case, phase shift rather than a delayIn weakly connected case, phase shift rather than a delay 
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Negative Cyclic Feedback Oscillator Networks

Advantages Over Delayed ModelsAdvantages Over Delayed ModelsAdvantages Over Delayed ModelsAdvantages Over Delayed Models

• Weekly Connected OscillatorsWeekly Connected Oscillators

• Continuous Local Mapping

• Identical Nominal Natural Frequencies 

• Phase Deviation• Phase Deviation
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Negative Cyclic Feedback Oscillator Networks

Advantages Over Delayed ModelsAdvantages Over Delayed ModelsAdvantages Over Delayed ModelsAdvantages Over Delayed Models

• Slow TimeSlow Time

• First Order Harmonic

• Model With Delays

• Phase Model• Phase Model
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Negative Cyclic Feedback Oscillator Networks

Advantages Over Delayed ModelsAdvantages Over Delayed ModelsAdvantages Over Delayed ModelsAdvantages Over Delayed Models

• Most TheoriesMost Theories 

• Phase Model

• Explanation

37



Negative Cyclic Feedback Oscillator Networks

ConclusionsConclusionsConclusionsConclusions

• Analytical oscillation condition of negative cyclicAnalytical oscillation condition of negative cyclic 
oscillator networks under diffusive coupling

• Analytical synchronization condition of negative cyclic 
oscillator networks under mean-field coupling

• Analysis of the collective period
• Analysis of the oscillation amplitude• Analysis of the oscillation amplitude
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